have discussed the speed of propagation of reaction zones (flames) when diffusion of the reactants can be neglected. In the present paper I shall discuss the effects produced by diffusion. The notation is, as far as possible, the same as in the earlier paper.
I begin ( § 2) by a sketch of the problem considered; in § 3 the equations of a moving reaction zone are written down; methods of dealing with these equations are reviewed in § 4, and an approximate solution, together with some general results, is given in §5.
N o ta tio n ; p r o b l e m c o n s id e r e d

Let
Ox be a fixed direction in space, normal to a plane front which is in steady motion in the direction of x decreasing. The unreacted gas is at rest at large negative values of#. One wishes to predict the speed for which such a steady motion is possible. Unsteady states or detonation, in which a shock wave is intimately associated with the reaction zone, are excluded, so th at the equations to be written down do not explain how such a steady and stable flame could be generated. However, there are many cases in which a normal flame speed can be recognized, and to which the present work may apply. Practical application of the results has been made to a case of this kind (the burning of cordite).
'Flame speeds ' mentioned in this paper are relative to the unburnt gas, being the 'fundamental flame velocity' of Coward & Hartwell (1932) or the 'burning velocity' of Lewis & von Elbe (1938a) . For a discussion of definitions of flame speed reference may be made to Coward & Payman (1937) .
As the flame passes through a layer of gas, the latter is heated, reacts and evolves heat. Since the pressure remains practically constant, the hot products of the reaction have a velocity (relative to the unburnt gas) in the opposite direction to the flame motion. Relative to the flame, the unburnt gas advances from the direc tion of negative x, and passes through the flame zone where there is a rapid but continuous rise of temperature and a continuous rise of the degree of reaction. The burnt gases, at the temperature of complete reaction, move along the x axis, with a velocity which is nearly always greater than the velocity of the unbum t gases on the other side of the flame. A complete theory of flame propagation should give the temperature and reaction distributions in the flame zone, and the velocity of the stable flame. This can be observed experimentally, and provides a test of the accuracy of the general picture of the reaction zone. The structure of the flame is not«o easily accessible to experiment, except at low pressures.
Let the flame velocity be U0. To produce a stationary space distribution of tem perature and composition the axes are given a velocity U0 in the same direction as the flame. The velocity of the gas in the direction of x increasing is then U, a function of x alone. At large distances in the unbum t gas, U is UQ . The choice of origin of x is arbitrary, and does not affect our equations.
The gas is assumed to undergo a single exothermic chemical reaction which maintains the flame. Let e be the extent to which the reaction has proceeded when the gas has reached a plane x, so that of the gases passing this place a fraction e (by mass) consists of the products of reaction.
As it stands, this assumption of a single reaction Seems to be a serious restriction on the application of our equations. For there are few burnable gas mixtures in which several reactions do not go on together and in which reverse reactions can be neglected. A type of reaction to which our equations would apply would be a unimolecular decomposition with negligible reverse reactions. This system is par ticularly simple because of the small number of equations and functions involved. More general cases have more equations to determine a greater number of unknowns, but these equations are set up exactly as in the simple case. There are also many more VoL 198. A.
parameters such as diffusion coefficients of various substances and activation energies of various reactions, but there is no essentially new type as compared with the simple case considered here.* In practical cases, it can often be assumed th a t certain reactions are fast com pared with others, thus allowing the use of equilibrium constants instead of reaction rates, with a considerable simplification of some of the equations. However, the allowable simplifications vary so much from one case to another th a t it seems unlikely th a t any one theory can cover more than a fraction of the known flames. I t is probable th a t each flame will have to be considered separately.
While the flame equations can be solved numerically whatever the reactions assumed, the labour is very great. Analytical solutions are desirable bu t seem to be unlikely except for simple models such as th a t of the present paper.
At a point x in the reaction zone, the tem perature is T° K, and the speci is V em.3/g. One sq.cm, of the flame consumes unburnt gas a t the rate M g./sec. Since the motion is steady,
and M is the quantity to be found from the equations. Let suffixes 0, m refer to the initial and final states respectively, so th a t a t = -oo, = gas velocity = U0, specific volume = V0, and e = 0; a t T = Tm(temperature of completely reacted gas), gas velocity = Um, specific volume = Vm, and e = 1. H eat transm itted through the flame by radiation is neglected, as is cooling of the products, except for heat flow by conduction through the flame towards the cold reactant. This heat flow maintains the flame.
Usually Um is larger than U0, so that, on transforming back to axes a t rest w ith respect to the initial gas, the products are moving in the opposite direction to the flame. The alternative case could occur only if the flame were very cool and the number of molecules were sufficiently decreased in the flame reaction.
Let the diffusion coefficient of the reactant be D cm.2/sec., the thermal conductivity of the mixture be A cal./cm. sec. deg. C., and let the pressure be P atm. In general, D and A will depend on e and the temperature.
Let Q cal./g. be the heat evolved by the reaction a t tem perature T, and let c'p and cp cal./g. be the constant-pressure specific heats of reactant and product a t tem perature T. We have / ,, . r dQ/dT = c.pWe need also the homogeneous reaction velocity. Let .^(e, V, T) be the rate of change of e when the reaction proceeds homogeneously a t tem perature T, with composition and specific volume given by e and V cm.3/g. This reaction rate can be determined in principle by the methods of chemical kinetics, without experiments on flames.
The variation of any quantity 0, following the motion of an element of the fluid, is DdjDt = dd/dt+ Udd/dx = Therefore the rate a t which an element of gas changes its composition by reaction is
In the present model the diffusion of active particles (radicals or atoms) is not included. Only the diffusion of the main reactants and products is considered. The presence of active particles might be taken into account by generalizing the equations to apply to a multi-reaction system in which production, diffusion and decay of radicals, and the reactions they cause, are all included. The fact th at the radicals are present only in small quantities simplifies the equations to some extent; for example, their contribution to the pressure can be neglected.
We have assumed that the reaction rate at any point depends on the temperature T at th at point just as if the mixture were in a large vessel all at temperature T. This means th at we are assuming that there is negligible temperature variation along a distance of the order of a mean free path in the gas. The condition can be put in the form: let P be the pressure in atm.; then the effective breadth of the flame must be much greater than 10-3/P cm.
We take into account diffusion caused by concentration gradient, but neglect the relatively small 'thermal diffusion' due to the temperature not being uniform. The difference of composition set up by thermal diffusion between regions a t 1000 and 2000° K is usually less than 7 %.
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3. E q u a t io n s of t h e r ea c tio n zone 
d ilvd i]dxglaec■
Since the system is in a steady state,
(6) Heat equation A second equation is provided by the condition that there is no loss of heat by the region between x and x + dx.
The heat entering at x by conduction is -A cal./sec., and the net loss of heat by conduction is dx £ -dx cal./sec. 
Elimination of & from (4) and (5) gives
Conservation of momentum gives the hydrodynamical equation of motion: P + M U independent of x. The pressure a t any point is connected with the com position, concentration and temperature a t th a t point. The relation may be w ritten
P=f(e,V,T), (7)
and by substituting this in the momentum equation one obtains a single relation between e, V and T. B ut a t all practical flame speeds P is effectively constant through the reaction zone, and with ample accuracy (7) alone gives the connexion between T, V and e (taking P as the pressure in the undisturbed gas).
(d) Boundary conditions
The boundary conditions on these equations must suffice to determine e, V and T as functions of x, and a solution must be possible only for one value of M. All the other quantities introduced are known from the nature of the mixture being burnt and its pressure in the undisturbed state. There are two differential equations (4) and (5), and one ordinary equation (7). The latter can be used to eliminate V in terms of e, T and of course P , which is one of the given parameters of the problem. There remain two second-order differential equations for e and T as functions of x.
For any value of M, the solution is determined if it must have known values of e, de/dx, T, dTjdx a t a given point. The physical boundary conditions are th a t in the undisturbed gas there is no reaction and the temperature is T0; th a t is, a t = -oo, T = T0, e = 0, de/dx = 0, and therefore dTjdx = 0.
To form an acceptable picture of the reaction zone, there must be a point where the reaction has reached completion (e = 1), and a t the same time the temperature has reached Tm, corresponding to complete reaction. These two conditions determine the point at which this happens and the value of M for which the condition is satisfied. That there is only one such flame speed (in steady motion) is suggested by experiment as well as made plausible by numerical solution of simple forms of the equations. If, on the other hand, pressure variations through the flame had been taken into account, with the possibility of shock waves, for example, then in some cases two widely different values of M would give solutions which satisfy all the boundary conditions. The smaller M would be the ordinary 'flame speed', the larger M the 'detonation velocity'.
W ith most simple forms of reaction kinetics, the end-point of the reaction zone, where e = 1, is at infinity, and the boundary condition is then: T tends to Tm and e to 1 as x tends to infinity. I t is possible th at in other cases the end-point may be a t a finite distance, in which case the region of burnt gas would have e = 1 and T -Tmfor all x greater than the end-point.
F lam e t h e o r ie s
The subject up to has been reviewed by Jost (1935 Jost ( , 1936 and Lewis & von Elbe (19386) . In this section only a sketch is attempted.
There are three equations of the problem, a reaction equation (4), a heat equation (5) and the equation of the isobars of the gas mixture (7). Most of the early theories used the heat equation (5), and avoided the reaction equation (4) by some plausible assumption, such as the introduction of an 'ignition tem perature' or 'mean lifetime in the flame'. The problem was thus reduced from the solution of two simultaneous differential equations to the solution of a single equation. The earliest work on these lines was carried out by Mallard (1875) and Mallard & le Chatelier (1883) , followed by Crussard (1914) , Nusselt (1915) and Daniell (1930) . Jouguet (1913 a) was the first to study the full set of flame equations (neglecting diffusion) as a system to determine the flame speed and the distribution of tem perature and reaction through the flame zone. Jouguet explained how the flame speed arises from the need to satisfy all the boundary conditions. In a later paper, Jouguet (19136) illustrated his general method by solving a special case, chosen for its mathematical simplicity, and which nevertheless retained the main features of a real flame. Some of the simplifications were removed later (Jouguet & Crussard 1919; Jouguet 1924) .
Impressed by the role of active particles in promoting reaction, Lewis & von Elbe (1934) attempted the relatively simple multiple-reaction case of 0 2-0 3 mixtures. Drastic simplifications had to be made in the equation of conservation of energy, and were criticized later by Jost & Muffling (1937) .
More recently the equations of the flame have been studied by Zeldowitsch & Frank-Kamenetsky (1938) with the aims of including diffusion of reactants and eliminating the assumption of an ignition temperature. Their equations differed in detail from those given in § 3. An approximate solution was obtained whose physical basis was that most of the reaction was assumed to take place near the maximum temperature Tm, on account of the rapid increase of reaction rate with temperature.
A more recent theory is that of Boys & Corner (1949) , intended to apply to reactions just outside condensed phases. The reaction rate was taken to have a temperaturedependence e~AIRT, and three cases were discussed: a first-order rate from a unimolecular mechanism; a second-order rate from a bimolecular reaction; a secondorder rate as the low-pressure result of a unimolecular breakdown. Diffusion was neglected. The equations were solved by a method of successive approximation, whose accuracy was compared with a numerical solution. The first approximation,
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of the same nature as th a t of Zeldowitsch & Frank-Kamenetsky, was wrong by a factor as large as three; the second approximation was correct to within 10 to 15 % in the examples studied.
S o l u t io n o f t h e fl a m e e q u a t io n s w it h d if f u s io n (a) Combination of parameters
We shall examine first the results of combining the parameters of the equations, a method used by Boys & Corner (1949) . We assume th a t c, and th a t c, A and D can be given mean values independent of T *
The equations are r f f l d e -] de .
We assume th a t the system is a mixture of perfect gases, the reactant having average molecular weight W, the products an average weight w. Let n -W/w-1. Then
The gas constant R depends on the units chosen for P and V; if these are atmospheres and cubic centimetres, then R = 82*06. 
which can be written as
where F and f x need not be written explicitly. The im portant point is th a t they depend only on the variables listed. The boundary conditions are:
(i) T = T0; e = 0; defdy = dT/dy = 0, a t y = -oo and (ii) T = Tm where e = 1. The boundary conditions and equations (14) and (15) contain the independent variable y, the dependent variables e and , and the parameters T0, Tm, n, DPW/X, A, c, Qand M(\PWBf)-*.
As Tq, Tm, c and Q are related by a thermochemical equation, one of these four is redundant; we shall omit Q. There are no other quantities in the problem. The equations and conditions can be satisfied simultaneously only if there is some relation between the parameters. We may write this relation as TQ , Tm, DPWl\, n, (16) where gi s a function only of the quantities listed. The corresponding result without diffusion, given by Boys & Corner, was th at M = (APWBx)lh (T0, Tm, n, A, c) .
D P j\ is independent of P except a t very high pressures; hence the dependence of M on pressure is not altered by the consideration of diffusion.
{y}, the change of y between points at which T takes given values (Tx, T2), is a function of these values and also of M ( A P W T 0, Tm, n, A, c an Hence {#}, the corresponding change in x, is 
The functions k and l are different in cases II and III.
(6) Dependence on A and D I t will be noticed th at all the previous results have the form M (or {a;}) = A4 x function of (P/A).
This can be proved, by the methods of the preceding section, under more general conditions, which are that the conductivity and the diffusion coefficient D are independent of position in the flame. Theories neglecting diffusion have given the result th at the flame speed is pro portional to A*, and this has been tested by experiment. The comparison has been usually not very encouraging (cf. Coward & Payman 1937; Lewis & von Elbe 19386) , since the flame speed does not appear to increase so fast as A*. This conclusion is not rigorous, because the flame speeds are measured for a series of mixtures of gases with very different conductivities (for example, H 2 and 0 2), and the change in A is guessed from the change in the proportions of the two gases. The conductivity of a mixture is apt to vary in a manner which one would not expect from the con ductivities of its components.
That the flame speed varies less rapidly than A* has been taken to mean that the reaction rate does not depend solely on the concentrations and the temperature, but
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is influenced also by the presence of small quantities of active particles (atoms or radicals). However, failure of the law Mo c A* may som the same for all the mixtures tested. Damkohler (1940) has published an experimental and theoretical paper on the effect of turbulence on the bunsen flame, a t Reynolds numbers up to 17,000. The effects noted are (a) alteration of shape, caused by turbulence wit regularities greater than the thickness of the flame zero; (b) increase of flame speed, due to increase of heat conductivity by small-scale turbulence. The flame theory used by Damkohler was of the simple Mallard type, and the rate of burning was proportional to A*, since diffusion of the reactant was neglected. The experimental behaviour was in reasonable agreement with the semi-quantitative theory.
(c) Boundary conditions
so th a t (4) and (5) 
and
The condition a t the hot end of the flame is 1 and T = Tm simultaneously. Although this condition is sufficient to determine a solution, it may be useful to mention the behaviour of certain other quantities a t and near the hot end of the flame. Provided the reaction rate & is not infinite anywhere, we deduce from (8) and (9) the continuity of de/dx and dTjdx. These are zero in and hence also a t the hot end-point of the flame. Prom (20) it follows th a t tends to unity continuously as the hot end of the flame is approached. Boys & Corner (1949) have shown how the equations, neglecting diffusion, can be solved by a method of successive approximation. The same method will now be applied to the equations with diffusion. The method will first be applied to a firstorder reaction, for which the equations are most easily handled. In this case
(d) Approximate solutions
I t is assumed th a t the specific heats of reactant and products are c cal./g. and th a t c, A and D/A can be assumed independent of temperature. In real gases, c increases slowly with temperature, and A is proportional to T* very closely; D/A is proportional to T, roughly. I t will appear th a t the flame extends to an infinite distance on the hot side, so th a t dTjdx tends to zero as T\Tm and e tend to 1. Hence
dT/dx = M { c (T -T J + Q(l-G)}IA.
Also, from (10), V = Prom (20), (24) and (25),
G = e -D P W { c (T -T J + Q(l-G)}(deldT)l\RT(l+ne).
This can be turned into an explicit equation for as a function of e, T and dejdT. I t is more convenient, however, to use it to find deflT from and T, giving
dejdT = XRT{\ + ne) (e-G)jDP T J + Q(1
Equations (24) to (27) apply to any form of reaction velocity. Using (24) and the reaction rate (23) (28),
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and from (27) drj
ARTm(l+n)(£-?i) cDPW(Z- §)
The solution of these equations, passing through £ « • M is found from y, which enters (34) through f and ; the latter is a function of ft, which is determined by x• Equation (34) could be turned into an explici for x> but this would be cumbersome. I t is easy to find x from (34) by a few trials.
When D -0, (34) reduces to the result
X = e~AIRTmlcTm{(l + \n)(A/RTJ
A numerical example will show the order of magnitude of the effect of diffusion. A typical case would be: a unimolecular decomposition of a substance of molecular weight 75, into 5 molecules of average molecular weight 15; initial tem perature 300° K; final tem perature 2500° K; specific heat = 0*4cal./g.; heat conductivity 2 x 10-4 cal./cm. sec. deg. C.; both these are assumed constant through the flame. The activation energy A is assumed to be 30kcal./mole. Table 1 shows the variation of y and y* with the value of DP. y* is proportional to the flame consumption M. To give an idea of the magnitude of the diffusion rates in the table, it may be noted th a t for N20 -C 0 2 diffusion (extrapolated to 2000° K), DP is about 5 cm.2/sec. Table 1 shows th a t for such a diffusion coefficient, the flame speed calculated by neglecting diffusion would be more than twice the proper value. A numerical integration of a particular first-order flame is discussed in §5 (e). I t is shown th a t in this case the approximate solution gives a flame speed about 5 % too big.
The solution is almost the same for the type of reaction denoted by * Case I I I ' in the paper by Boys & Corner (1949) :
This means th a t reaction takes place in sufficiently violent collisions of reactant with any type of molecule; this could be the low-pressure form of a unimolecular decom position. Let
The solution is given by (32) and (34), as for case I. Only the definitions of y and ft differ from those in (29). A bimolecular reaction (case II) can be solved by the same methods, bu t not without a considerable amount of numerical computation. Three tables (2, 3 and 4) are given here, which enable flame speeds to be calculated in a few minutes. These tables are believed to cover most of the cases th a t will be encountered in practice. The method of construction is described in the appendix. I t will now be explained how to use these tables. The reaction rate is
The definition of /? is somewhat different from th a t in case III. The equation which determines the flame speed is
In tables 2, 3 and 4 are listed yE 0j/3, (y//?)2 I N dE and (y//?)3 I for certain Jo Jo values of y and /?y/(y + 15). This choice of variable makes the results for different y more easily comparable.
To avoid interpolation of double entry tables, the flame speed should be found in the following way. From the given data, calculate y and pick the nearest of the tabulated y. W ith this y and an assumed /?/y enter tables 2, 3 and 4, and calculate the left-hand side of (40). Repeat until ( has been find /?/y by interpolation. This gives /? corresponding to the y used. The true diffusion coefficient varies by a factor of as much as two in going through the effective region of the reaction zone, and therefore the y used in entering the tables will often correspond to a value of D which is probably as good as th at in the original data. If, however, it is required to find the flame speed corresponding exactly to a given non-tabulated y, repeat with a different (tabulated) y, and interpolate to find /? corresponding to the true y. This interpolation is easily carried out, since the tables are given a t equal intervals of log y . n -4; heat conductivity 2 x 10~4 cal The effect of diffusion is of the same order of magnitude as for a flame with a firstorder reaction. The behaviour of e near the cold side of the flame is not immediately obvious from this method of approximation.
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G of course decreases con passing through the flame from hot to cold side. At the cool end there is a large region in which there is little chemical reaction, and so 0. In this zone, e and T are connected by the relation, derived from (27),
of which the solutions are efll+ne) = ^e x p J^J ( T -T 0)«,
where E is an arbitrary constant, and q = (e) Detailed structure of a special case
To test the method of approximation, a typical first-order flame has been solved exactly by numerical integration of the equation. The case taken was th at already given as an example (table 1), with DP = 2*5 (cm.2/sec.) x atm. The approximate method shows th at x -6-36 x 10-8. Numerical integration with a few t of x showed that this flame would really have 5-76 x 10~8. In this case, therefore, the approximate method gives a flame speed about 5 % too large. This error is of the same order of magnitude as in the case of negligible diffusion (Boys & Comer 1949) .
The numerical integration was started at the hot boundary of the flame, with the first approximation as a guide to the behaviour of the solution in this region. The integration was carried out in steps of 50° K near the highest temperatures and then in steps of 100° C. down to 1000° K. Below this there was practically no chemical reaction, and the value of G a t the lower boundary (T -300°K) was easily estimated. For the true y, G is zero here, and hence the proper x was found by an interpolation of the G' s for various y. For the case of negligible diffusion, it had been found convenient to start the integration at the cold end. This was not possible in the present case, because near the cold end e is determined by equation (40), in which there is an unknown constant; the particular solution needed is settled by the behaviour at higher temperatures where G is not zero. Therefore it is simpler to start at the hot boundary, even though the convergence of the numerical integration process is rather tricky here.
The detailed structure of the flame is shown in figures 1 and 2, in which e and G are plotted against T and x(B1P)i respectively. G rises smoothly from 0 to 1, and below 1000° K is effectively zero. On the other hand, e does not approach zero until close to 300° K, and therefore e is needed in a temperature region where D is much smaller than at high temperatures. The e curve of figures 1 and 2 has the following parts: above 1000° K, it has DP -2*5; below 1000° K, curve I has DP -2*5 and curve II has DP -0-2. The latter is a reasonable average for 300 to 1000°K, if we assume that DP = 2*5 refers to a temperature in the neighbourhood of 2000° K. I t can be seen th at even with the smaller diffusion coefficient there is an appreciable diffusion of products ahead of the flame. The case of a diffusion coefficient which depends on temperature will be sufficiently clear from the two curves given. As N tends to zero,/tends to unity. There is no useful solution in the form of a power series in N near N -0. Numerical integration is also impracticable, at an in the range of N between 0 and 0-5, because is obtained as the difference of two nearly equal quantities. This fact assures the rapid convergence of a process suggested by Dr A. F. Devonshire:
N 2df/dN is neglected a function of N; this first approxim ation^ is used in the N 2df/dN term, and the quadratic fo r /2 solved. This process can be taken to the third approximation quite easily. Table 6 shows th at the convergence is rapid even for N as large as 10. For the present purpose it is sufficient to use the third approximation. The following asymptotic formula (suggested by Mr E. P. Hicks) was used for N greater than 8: (1 + n -n 7 j)2{C > -E> ) dG.
The left-hand side = Re~AIRT™IQAx, since e~AIRT° is small compared to e~AIRTm. The right-hand side of (56) iiri:
